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OPEN PROBLEMS ON CENTRAL SIMPLE ALGEBRAS
ASHER AUEL, ERIC BRUSSEL, SKIP GARIBALDI, AND UZI VISHNE
Abstract. We provide a survey of past research and a list of open problems
regarding central simple algebras and the Brauer group over a field, intended
both for experts and for beginners.
There are many accessible introductions to the theory of central simple algebras
and the Brauer group, such as [Alb61], [Her68], [Pie82], [Dra83], [Row91, Ch. 7],
[Ker90], [Jac96], and [GS06]—or at a more advanced level, [Sal99]. But there
has not been a survey of open problems for a while—the most prominent recent
references are the excellent surveys [Ami82], [Sal84], [Sal92], and [Sal01]. Since the
last survey, major new threads have appeared related to geometric techniques. As
examples, we mention (in chronological order):
 Saltman’s results on division algebras over the function field of a p-adic
curve, see [Sal97a], [Sal07], [Bru10], [PS98], [PSar];
 De Jong’s result on the Brauer group of the function field of a complex
surface, see [dJ04], [Lie08], and §4;
 Harbater–Hartmann–Krashen patching techniques, see [HHK09] and [HHKar];
and
 Merkurjev’s bounding of essential p-dimension of PGLn, see [Mer10], [Merar],
and §6.
Motivated by these and other developments, we now present an updated list
of open problems. Some of these problems are—or have become—special cases of
much more general problems for algebraic groups. To keep our task manageable,
we (mostly) restrict our attention to central simple algebras and PGLn. The fol-
lowing is an idiosyncratic list that originated during the Brauer group conference
held at Kibbutz Ketura in January 2010. We thank the participants in that prob-
lem session for their contributions to this text. We especially thank Darrel Haile,
Detlev Hoffmann, Daniel Krashen, Dino Lorenzini, Alexander Merkurjev, Raman
Parimala, Zinovy Reichstein, Louis Rowen, David Saltman, Jack Sonn, Venapally
Suresh, Jean-Pierre Tignol, and Adrian Wadsworth for their advice, suggestions,
and (in some cases) contributions of text.
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0. Background
Basic definitions. Let F be a field. A ring A is a central simple F -algebra if A
is a finite dimensional F -vector space, A has center F , and A has no nontrivial
2-sided ideals. An F -division algebra is a central simple F -algebra with no non-
trivial 1-sided ideals. Every central simple F -algebra B is isomorphic to a matrix
algebra over a unique F -division algebra (Wedderburn’s theorem), which is said
to be associated with B. Two algebras are said to be (Brauer) equivalent if their
respective associated division algebras are F -isomorphic. Thus two algebras A and
B are equivalent if there exist number n and m such that MnpAq  MmpBq. The
resulting set of equivalence classes forms the (classical) Brauer group BrpF q, and
this set inherits a group structure from the F -tensor product on algebras. The
index of a central simple algebra is the degree of its associated division algebra,
and the period (or exponent) is the order of its Brauer class.
Recall that an étale F -algebra is a finite product of finite separable field ex-
tensions of F . Such an algebra L is Galois with group G if SpecL is a G-torsor
over F . In other words, L{F is finite and separable, and G acts on L via F -
automorphisms such that the induced action on HomF -alg.pL, Fsepq is simple and
transitive, where Fsep is a separable closure of F . If L{F is G-Galois then there
exists a subgroup H of G and an H-Galois field extension K{F such that L is G-
isomorphic to HomF -v.s.pF rG{Hs,Kq with the induced action and pointwise prod-
uct. Equivalently, L is G-isomorphic t to
±
G{HpKqsH , where G{H is the coset
space. Compare [Mil80, §I.5].
Definition of a crossed product. The classical theory shows that each central
simple F -algebraB of degree n contains a commutative étale subalgebra T of degree
n over F , called a maximal torus. Equivalently, there exists an étale extension T {F
of degree n that splits B, i.e., such that B bF T  MnpT q. By definition, B is a
crossed product if B contains a maximal torus that is Galois over F . Further, B is
cyclic if B contains a maximal torus that is cyclic Galois over F . It is easy to see
that every B is Brauer-equivalent to a crossed product. For if L{F is the Galois
closure of a maximal torus T  B with respect to a separable closure Fsep, and
rL : T s  m, then L is a Galois maximal torus of C  MmpBq.
Determining the crossed product central simple F -algebrasB with Brauer-equivalent
division algebra A is equivalent to determining the finite Galois splitting fields of
A. For B is a G-crossed product via some G-Galois maximal torus L{F if and only
if A is split by an H-Galois field extension K{F , where H ¤ G and K{F where K
is the image of L under an (any) F -algebra homomorphism from L to Fsep. Thus,
problems involving crossed products focus on the Galois splitting fields of division
algebras.
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It follows from the above that if A is a crossed product or is cyclic, then so
is every B  MnpAq. The converse turns out to be false; there exist noncrossed
products, as we shall see below. Moreover, in case F has prime characteristic p,
Albert proved that every p-algebra (i.e., central simple algebra of period a power of
p) is Brauer-equivalent to a cyclic algebra. But [AS78] gives an example of a non-
cyclic p-algebra. One can lift this example to a complete discrete valuation ring of
characteristic 0 and so find a central simple algebra A over a field of characteristic
0 such that MnpAq is cyclic for some n but A is not.
Cohomological interpretation. Much of the interest in crossed products stems
from the fact that the Galois structure of a crossed product allows us to describe it
simply (see §6) and explicitly. For if B is a crossed product via a G-Galois extension
K{F , then B’s algebra structure is encoded in a Galois 2-cocycle f P Z2pG,Kq,
which is easily extracted from B in principle. Conversely, each f P Z2pG,Kq
defines a G-crossed product Bf with maximal subfield K{F , by letting
Bf 
à
sPG
Kus
be a K-vector space on formal basis elements us, and defining multiplication by
usut  fps, tqust and usx  spxqus for all s, t P G and x P K. The equivalence rela-
tion on central simple algebras induces an equivalence on cocycles, and the resulting
group of equivalence classes is the Galois cohomology group H2pG,Kq. Note that
every central simple algebra is a crossed product if and only if the correspondence
between classes extends to the level of cocycles and algebras.
The crossed product problem for division algebras. Since every algebra
representing a given class is a crossed product if and only if its associated division
algebra is a crossed product, the interesting question is whether every F -division
algebra is a crossed product.
Fields over which all division algebras are known to be crossed products include
those that do not support division algebras in the first place (fields of cohomological
dimension less than 2, such as algebraically closed fields and quasi-finite fields),
those over which all division algebras are cyclic (global fields and local fields),
and those over which all division algebras are abelian crossed products (strictly
henselian fields [Bru01, Th. 1], at least for algebras of period prime to the residue
characteristic).
For much of the 20th century it was reasonable to conjecture that every central
simple algebra was itself a crossed product. Then, in 1972, Amitsur produced non-
crossed product division algebras of any degree n divisible by 23 or p2 for an odd
prime p, provided n is prime to the characteristic. The centers of these (universal)
division algebras are given as invariant fields; their precise nature is itself a topic
of interest (see §5). In [SS73] Schacher and Small extended Amitsur’s result to
include the case where the characteristic is positive and does not divide the degree.
In [Sal78a], Saltman included the p-algebra case, when n is divisible by p3. Subse-
quent constructions of noncrossed products—none improving on the indexes found
by Amitsur—have since appeared in [Ris77], [Sal78b], [Row81], [Tig86], [JW86],
[Bru95], [RY01, Th. 1.3], [BMT09], and others. The most explicit construction to
date is in [Han05].
Responding to the sensitivity of Amitsur’s degree p2 examples to the ground
field’s characteristic and roots of unity, Saltman and Rowen observed that every
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division algebra of degree p2 becomes a crossed product on some prime-to-p exten-
sion (the degree p case being trivial), whereas for degree p3 and above, examples
exist that are stable under such extensions ([RS92]); see [McK07, Cor. 2.2.2] for
the p-algebra case.
1. Non-cyclic algebras in prime degree
Perhaps the most important open problem in the theory of central simple alge-
bras is:
Problem 1.1. Given a prime p, construct a non-cyclic division algebra of degree
p over some field F .
This was listed as Problem 7 in Amitsur’s survey [Ami82], and Problem 1 in
[Sal92]. Of course, division algebras of non-prime degree need not be cyclic. This
is true already in the smallest possible case of degree 4 ([Alb33]).
What is known. Prime-degree division algebras for the two smallest primes are
always cyclic: The p  2 case is elementary, and the p  3 case was solved by
Wedderburn in 1921 ([Wed21]). A result that should be included with these two is
that any division algebra of degree n  4 is a crossed product ([Alb61]). In 1938,
Brauer proved that any division algebra of degree p  5 has a (solvable) Galois
splitting field of degree dividing 60 ([Bra38]); this result was improved somewhat in
[RS96]. Despite the promising start, this vexing problem remains completely open
for p ¡ 3. Specific candidates for prime degree non-crossed products have been
proposed in [Row99, §4] and [Vis04, p. 487].
It is natural to specialize the problem to fields with known properties. For some
fields F , one knows that every division algebra of degree p is cyclic: when F has no
separable extensions of degree p (trivial case), when F is a local field or a global field
(by Albert–Brauer–Hasse–Noether), and when F is the function field of a `-adic
curve for ` prime and different from p [Sal07].
Generalization. In 1934, Albert proved that an F -division algebra A of prime
degree p is a crossed product if and only if A contains a non-central element x such
that xp is in F , called a p-central element (“Albert’s cyclicity criterion”, [Alb61,
XI, Th. 4.4]). It is natural to ask whether such elements exist in algebras of degree
greater than p. When p  2, the degree is 4, and the characteristic is not 2, Albert’s
crossed product result shows that they do exist. On the other hand, it is shown in
[AS78] that there exist algebras of degree p2 and characteristic p with no p-central
elements. Using this, it is shown in [Sal80] that for n a multiple of p2, the universal
division algebra of degree n over the rational field Q has no p-central elements.
When F has a primitive p-th root of unity, there are no known examples of division
F -algebras of degree a multiple of p that do not have p-central elements.
2. Other problems regarding crossed products
The central organizing problem in the theory of central simple algebras and the
Brauer group is to determine, possibly for a given field F , the extent to which
F -central simple algebras are crossed products, and in particular, cyclic crossed
products. There are still some important unresolved problems in addition to Prob-
lem 1.1.
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Problem 2.1. Determine whether F -division algebras of prime period are crossed
products.
Both Problems 1.1 and 2.1 are related to the problem of computing the essential
dimension of algebraic groups described in §6.
What is known. This problem is even more open than Problem 1.1, in the sense
that no noncrossed products of prime period have ever been discovered, and no
one has shown that all division algebras of a fixed prime period must be crossed
products. For odd primes p the problem is completely open. (The proof of Theorem
6 in [Row82] concerning the existence of noncrossed products of prime period is
incorrect. In the modified version that appeared later as [Row88, Th. 7.3.31], the
flaw appears in the last paragraphs of page 255.)
Division algebras of pperiod, indexq  p2, 2nq are known to be crossed products
for n ¤ 3, and the problem for n ¡ 3 is open. Albert proved the p2, 4q case (“Albert’s
Theorem”) in [Alb32, Th. 6]—see alternatively [Jac96, 5.6.9]—and in a second proof
[Alb33], he showed that such algebras need not be cyclic. Rowen proved the p2, 8q
case for any field in [Row78] and [Row84], see also [Jac96, 5.6.10]. Rowen [Row81]
and later Tignol [Tig86] proved that Saltman’s universal division algebra of type
p4, 8q is a noncrossed product.
Regarding specific fields, Brussel and Tengan recently proved that division alge-
bras of type pp, p2q for p  ` over the function field of an `-adic curve are crossed
products in [BT10] (cf. Saltman’s results on these fields, mentioned in the previous
section).
As mentioned above, the smallest non-crossed product p-algebras known have
degree p3. Therefore even the following is open:
Problem 2.2. Determine whether p-algebras of degree p2 are crossed products.
In view of the fact that all known examples of non-crossed product algebras
occur over fields of cohomological dimension at least 3, it is natural to ask:
Problem 2.3. If F has cohomological dimension at most 2, is every central simple
F -algebra a crossed product?
The answer to this question is unknown, even when F is the function field of a
complex surface.
Smallest Galois splitting fields. One way to study the failure of a division
algebra to be a crossed product is to determine, for a given division algebra A, the
smallest Brauer-equivalent crossed product(s) B  MrpAq. As noted already, it is
equivalent to determine the finite Galois splitting fields for A. As Brauer–Hasse–
Noether knew in the 1920’s, “minimal” Galois splitting fields can have arbitrarily
large degree (Roquette cites [BN27] and [Has27] in [Roq04, Chap. 7.1]), so it is
important to specify that the degree (rather than the splitting field) be minimal.
To simplify the exposition, we say a finite group G splits a central simple F -
algebra A if there exists a G-Galois field extension of F that splits A (equivalently,
if some MmpAq is a G-crossed product). Since a splitting field of A may or may
not contain a maximal subfield of A, the problem with respect to division algebras
divides into parts.
Problem 2.4. Determine the smallest splitting group(s) of an F -division algebra A
arising from the Galois closure of a maximal subfield of A. Determine in particular
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whether every A of degree n has a separable maximal subfield whose Galois closure
has group the alternating group An.
Problem 2.5. Determine whether every division algebra is split by an abelian
group, and find degree bounds over specific fields.
What is known. Both problems are related to Problem 5 in [Ami82], and Prob-
lem 2.5 is Question 1 in [Ami82]. In the situation where A is a crossed product,
Problem 2.4 becomes a problem of group admissibility. It then has a strong number
and group-theoretic character, and we put it in Problem 11.1 below.
If A has degree n, then A contains a maximal separable subfield (of degree n)
that is contained in an Sn-Galois maximal torus, which bounds the answer to the
first part of Problem 2.4 from above. It is clear that these are in general not hard
bounds, since if n  3 then C3 splits A by Wedderburn’s results. It is unknown
whether there exists a (noncrossed product) division algebra of degree n ¡ 4 that
is split by no proper subgroup of Sn, prompting Amitsur to ask Problem 2.4.
With the additional structure provided by an involution of the first kind, some
positive results for Problem 2.4 can be proved in the period 2 case, for charF  2.
In particular, if A has period 2 and 2-power degree 2m, one can prove the existence
of a subfield of degree m in a maximal separable subfield of A, and it follows that
the Galois closure has group H  Cm2  Sm. Using the main result of Parimala–
Sridharan–Suresh in [PSS93], one can improve this to H¯  Cm12  Sm; we leave
the details to the interested reader. Note that H is not contained in A2m, but H¯
is.
Amitsur proved that if the universal division algebra (defined in §5 below)
UDpk, nq over an infinite field k is split by a group G, then every division alge-
bra over a field F containing k is split by (a subgroup of) G (unpublished, see
[Ami82, p.15] and [TA85, 7.1]). Thus Problem 2.5 is intimately connected to the
problem of splitting the universal division algebra, which is Problem 8 in [Ami82].
In [Ami82] Amitsur remarked that if n is the composite of r relatively prime num-
bers ni, then Sn1      Snr splits UDpk, nq. Then in [TA85, Th. 7.3] Tignol and
Amitsur established a remarkable lower bound on the order of a splitting group of
UDpk, nq, for infinite k, and n not divisible by char k. See [TA86, Cor. 9.4] and
[RY01, Th. 1.3] for improvements and alternative proofs of this bound in the case
where n is a prime power.
If charF does not divide the period n of an F -division algebra A, the Merkurjev–
Suslin theorem shows that A has a meta-abelian splitting field, obtained by adjoin-
ing n-th roots of unity, if necessary, and then a Kummer extension. This theorem
solved Amitsur’s Question 3 in [Ami82], and it solves the first part of Problem 2.5
if F contains the n-th roots of unity. Results bounding the “symbol length” over
a particular field provide upper bounds for the degree of abelian (or meta-abelian)
Galois splitting fields, and for this we refer to Problem 3.5. Tignol and Amitsur
submitted a lower bound for the order of an abelian splitting group in [TA85, 7.5].
When F does not contain n-th roots of unity, Problem 2.5 has a similar re-
lationship to the more general open problem of determining whether the Brauer
group is generated by cyclic classes, and for this we refer to §3. This latter problem
was Question 2 in [Ami82]. The problem is settled for the 2-, 3-, and 5-torsion
subgroups of BrpF q.
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p-algebras. Somewhat more is known about Problem 2.5 for p-algebras: If charF 
p and A is an F -division algebra of p-power degree, then Albert showed that A has
a cyclic splitting field in [Alb36], see also [Alb61, Ch. VII, Th. 9.31]. Louis Isaac
Gordon proved the existence of noncyclic 2-algebras (of period and index 4) in
[Gor40] and Amitsur and Saltman proved the existence of (generic) non-cyclic divi-
sion p-algebras of every degree pn (n ¥ 2) in [AS78]. These results raised questions
about bounds of cyclic splitting fields.
Albert’s methods impose such bounds on p-algebras A with fixed (p-power) pe-
riod q, provided F is finitely generated of transcendence degree r over a perfect field
k. For then F 1{q splits A by [Alb61, VII.7, Theorem 2], and since rF 1{q : F s  qr
([Bou88a, A.V.100, Proposition 4] and [Bou88a, A.V.135, Corollary 3]), A is similar
to a tensor product of r cyclic p-algebras of degree q by [Alb61, VII.9, Theorem
28], hence A is split by a cyclic extension of degree qr, by [Alb61, VII.9, Lemma
13]. The center Zpk, nq of generic degree-n matrices over a field k is known to be
finitely generated ([Sal99, Cor. 14.9]); if k is a finite field of characteristic p, and
Zpk, nq has transcendence degree m over k, then it follows that the universal divi-
sion algebra UDpk, pnq is split by a cyclic field extension of degree pmn, and hence
for any field F containing k, any F -division algebra A of degree pn is split by a
cyclic étale extension of degree pmn over F , by [Ami82, p.15].
Because of this connection between the degree of a cyclic splitting field of a
p-algebra and the transcendence degree of the center of generic matrices over the
prime field, Problem 2.5 for p-algebras is closely tied to §6 on essential dimension.
As for known bounds, we have m ¤ p2n   1 from general principles, and if p is odd
and pn ¥ 5, then m ¤ p1{2qppn1qppn2q by [LRRS03]. (Note the pn  2, 3 cases
are settled by Wedderburn’s cyclicity results.)
Descending from prime-to-p extensions. Since every division algebra has a
maximal separable subfield, every division algebra of prime degree p is a crossed
product after scalar extension to a prime-to-p field extension. This has led to some
attempts at “descent”: If A is an F -division algebra of prime degree p, and K{F is
a Galois splitting field for A whose group G is a semidirect product G  Cp H
with Cp normal in G and H of order m prime-to-p, then AbF K
Cp is a Cp-crossed
product division algebra, and we can ask whether the Galois structure descends to
A. This idea goes back to Albert ([Alb38]). In the particularly interesting case
where H  Cm and K
Cp
 F pζpq for a primitive p-th root of unity ζp, we call A a
quasi-symbol, after [Vis04]. Note in this case charF  p.
The problem below is strongly related to Problems 3, 4, and 5 in [Sal92]. As
Saltman noted in [Sal92], showing such crossed products are cyclic is equivalent to
showing that the G-crossed product MmpAq is also a G
1-crossed product, where G1
is a group that has Cp as an image. As in [TA85], write Gñ G
1 if every G-crossed
product is necessarily a G1-crossed product, and GñF G
1 if Gñ G1 for G-crossed
products whose centers contain F .
Problem 2.6. Determine groups G and G1 and conditions on F under which
GñF G
1. In particular:
(1) Determine, for m prime-to-p, whether Cp  Cm ñF Cp  Cm.
(2) Determine whether all quasi-symbols are cyclic.
What is known. Background on the first part of Problem 2.6, as well as a basic
symmetry result for abelian groups, may be found in [TA85]. We will say that a
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finite group G splits an F -algebra A if A is split by a G-Galois extension of F . Note
that in 2.6(1), CpCm ñF CpCm if and only if all F -algebras A of prime degree
p that are split by Cp  Cm are cyclic.
In 1938 Albert showed that if charF  p, and A is a p-algebra of degree p
split by a Galois extension whose group is of the form Cp  Cm for m prime-to-p,
then A is cyclic ([Alb38]), hence Cp  Cm ñF Cp  Cm in this case. He actually
proved more generally that for p dividing n and arbitrary m, any CnCm-crossed
product is abelian, again for charF  p (see [AJ09] for a different proof). In 1999
Rowen proved that if A is a p-algebra of odd degree p that becomes equivalent to
a certain type (“Type A”) of p-symbol over a quadratic extension E{F , then A is
already cyclic over F ([Row99, Th. 3.4]). This generalized Wedderburn’s degree
3 theorem (in characteristic 3) and proved the cyclicity of a certain p-algebra of
degree p studied by Albert. Rowen constructed a generic p-algebra of degree p that
becomes a symbol over a quadratic extension, and conjectured it to be noncyclic
for p ¡ 3 ([Row99, §4]).
In 1982, Rowen and Saltman showed that if n is odd, F contains a primitive
n-th root of unity, (so charF does not divide n), and A is a division algebra of
degree n that is split by the dihedral group Dn  Cn  C2 of order 2n, then A is
cyclic ([RS82]). Thus Dn ñF Cn  C2 in this case. Their techniques generalized
those used by Albert to prove cyclicity in degree three, in [Alb61]. Mammone and
Tignol proved the same result using different methods in [MT87], and Haile gave
another proof in [Hai94]. In 1996, Haile, Knus, Rost, and Tignol proved that when
charF  2, n is odd, and µn  Z{nptq for some t P F
, then any F -division
algebra of degree n split by Dn is cyclic ([HKRT96, Cor. 30]). Vishne proved this
more generally for n odd and rF pµnq : F s ¤ 2, while removing the restrictions on
charF ([Vis04, Th. 13.6]). In the n  5 case, Matzri showed how to adapt Rowen
and Saltman’s proof to remove the roots of unity and characteristic hypotheses
([Mat08]), before using results of [Vis04] to prove that 5BrpF q is generated by
cyclic classes when charF  5.
In 1983Merkurjev, in a paper that heavily influenced [Vis04] and [Mat08], proved
a criterion for quasi-symbols of prime degree to be cyclic. To state this result, we
fix some notation and hypotheses. Let p be a prime, n  pr, ζn a primitive n-
th root of unity, E  F pζpq, ν : GalpE{F q Ñ pZ{pq
 the canonical map, and
ϕ : GalpE{F q Ñ pZ{pq a character. Then consider the hypothesis
(2.7) ζn P E and K{F is a Cn ϕ Cm-Galois extension, with E  K
Cn .
In this notation, a quasi-symbol of degree p split by K is said to be of type pϕ, ϕ1q,
where ϕ1  νϕ1. Merkurjev’s criterion is that a quasi-symbol of degree n  p is
cyclic if and only if it is of type pν, 1q or p1, νq ([Mer83]). Vishne, expanding on
Merkurjev’s framework, proved that Merkurjev’s cyclicity criterion holds for quasi-
symbols of degrees n  pr under (2.7), and constructed a generic quasi-symbol,
which he conjectured to be noncyclic. He also proved that the type of a quasi-
symbol (of degree n  pr) is symmetric in ϕ and ϕ1, so that a quasi-symbol split
by Cn ϕ Cm is also split by Cn ϕ1 Cm.
In 1996 Rowen and Saltman proved that if F contains a p-th root of unity, and
A is a division algebra of degree p that is split by the semidirect product Cp Cm
form  2, 3, 4, or 6 and dividing p1, then A is cyclic. Thus CpCm ñF CpCm
in this case. Vishne extended this result for quasi-symbols of degree n  pr under
(2.7), for any m dividing p 1 ([Vis04]).
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If m divides n and F contains the m-th roots of unity, then it is elementary to
show Cn ñF Cn{m  Cm (see [Vis03] for proof). This is best possible, since there
are division algebras D{F where the absolute Galois group of F is rank 2 abelian.
As for p-algebras, Saltman proved in [Sal77] that if charF  p and n is a power
of p, then Cn ñF G for any group G of order n. Finally, Vishne proved in [Vis03]
that if charF does not divide n and F contains the n{m-th roots of unity, then
Dn ñF Dm  Cn{m holds for classes of period 2 ([Vis03]).
We say a group G is rigid (resp. rigid over F ) if there exists a central simple
algebra (resp. over F ) that is a crossed product with respect to G and G only.
A central simple algebra can be a crossed product with respect to many different
groups; Schacher showed in [Sch68] that for any number n there exists a number field
F and a central simple F -algebra A that is a crossed product with respect to every
group of order n (see Problem 11.1). At the other extreme, it is obvious that cyclic
groups of prime order are rigid. Amitsur ([Ami72]) proved that elementary abelian
groups are rigid, and used this fact in his proof that the generic division algebra is
not a crossed product. Saltman and Amitsur–Tignol proved every noncyclic abelian
group is rigid in [Sal78a] and [TA85]. For a time there were no known nonabelian
rigid groups, and their existence is Problem 4 in [Sal92]. However in 1995 Brussel
gave examples of rigid nonabelian groups over the fields Qptq, proving that for every
prime p the group
G  Cp2  Cp  tx, y | |x|  p
2, |y|  p, yxy1  xp 1u
is rigid ([Bru95]), and later that when p is odd, another semidirect product G 
Cp3  Cp is rigid ([Bru96]). All of Brussel’s examples depend on the absence of
roots of unity in the ground field, and it is unknown whether the same results hold
without this assumption. A rigid group of type Cp Cm with m prime-to-p would
settle Problem 1.1.
Footnote. In the end, the goal of the problems described in this section is to
determine the nature of Galois splitting fields of smallest degree for cohomology
classes of various kinds. But from an algebra-theoretic point of view, the importance
of the crossed product problem is due at least partly to a long history of attempted
solutions, together with a sentiment expressed by A.A. Albert, who spent much of
his career studying it.
The importance of crossed products is due not merely to the fact
that up to the present they are the only [central] simple algebras
which have actually been constructed but also to Theorem 1: Every
[central] simple algebra is similar to a crossed product. — Albert,
1939 [Alb61, §V.3]
3. Generation by cyclic algebras
By far the most elementary central simple algebras known are the cyclic algebras,
which were the first to be studied, and which to this day have provided an indispens-
able tool for investigating central simple algebras and the Brauer group. Certainly
the simplest expression of a Brauer class that one could hope for would be as a
sum of classes of cyclic algebras, and in fact most (if not all) known descriptions
of the Brauer group are direct sum decompositions into subgroups consisting of
cyclic classes (or cyclic factors). For example, by Auslander–Brumer and Fadeev’s
theorem (see [GMS03, Theorem 9.2]), the Brauer group of a rational function field
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in one variable is a direct sum of (corestrictions of) cyclic factors. Also, many
valuation-theoretic results on noncrossed products and indecomposable algebras
rely on Witt’s theorem (see [GMS03, 7.9]), which presents the Brauer group of a
complete discretely valued field of rank one as a direct sum of two cyclic factors.
For these reasons, one of the most important practical problems in the study of
the Brauer group is to determine whether or not the Brauer group is generated
by the classes of cyclic algebras. This appears as Question 2 in [Ami82]. Au-
thors who studied this problem in the 1930’s in one form or another include Albert
([Alb36]), Teichmüller ([Tei36]), Nakayama ([Nak38]), and Witt ([Wit37]). For lo-
cal and global fields, the question has an affirmative answer by the well-known
theorems of Hasse and Albert–Brauer–Hasse–Noether, respectively. There are no
known counterexamples.
After Amitsur’s work on noncrossed products, an affirmative answer for general
F might well have seemed unlikely. But in a seminal breakthrough, Merkurjev
and Suslin proved in 1983 that if F contains the n-th roots of unity, then nBrpF q
is generated by the classes of (cyclic) symbol algebras of degree n, via the norm
residue homomorphism in K-theory ([MS83]). The essence of their result was that
when F contains the n-th roots of unity, the composition
H1pF, µnq bH
1
pF, µnq Ñ H
2
pF, µb2n q Ñ H
2
pF, µnq  nBrpF q
is surjective, where the first map is the cup product, and the second map is cup
product with a chosen generator of H0pF, µ
bp1q
n q  Hompµn,Z{nq. Thus nBrpF q
is “generated in degree one”. This work strongly suggests the following natural
question, which was posed in the 1930’s by Albert:
Problem 3.1. [Alb36, p. 126] Is the n-torsion subgroup nBrpF q generated by the
classes of cyclic algebras of degree (dividing) n?
Problem 3.1 has an affirmative answer in the following important cases:
(1) n is a power of the characteristic of F . This follows from [Alb61, VII.7,
Theorem 2] and [Alb61, VII.9, Theorem 28].
(2) n divides 30. By the divisibility remark above, it suffices to note that the
answer is “yes” for n  2 [Mer81], n  3 by [Mer83], and n  5 by [Mat08].
(3) n is prime and adjoining a primitive n-th root unity yields an extension of
degree ¤ 3 by [Mer83]. This leads to the results summarized in the previous
item.
(4) F contains a primitive n-th root of unity. This was pointed out above.
The Merkurjev-Suslin theorem, which establishes an isomorphism between
KM2 pF q{nK
M
2 pF q and H
2
pF, µb2n q, is now a special case of the recently-
proved Bloch–Kato Conjecture.
The smallest open case for n prime is therefore:
Problem 3.2. Is 7BrpF q generated by cyclic algebras of degree 7 when charF  7
and F does not contain a primitive 7-th root of unity?
(These problems are related to the following very special question stated by
M. Mahdavi-Hezavehi: If the multiplicative group F is divisible, does it follow
that BrpF q is zero? The answer is “yes” if BrpF q is generated by cyclic algebras,
because cyclic algebras are split over such a field. Therefore the answer is also “yes”
if F has characteristic zero, because in that case F has all the roots of unity so the
Merkurjev–Suslin theorem applies.)
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For composite n, even the following is unclear:
Problem 3.3. Is 4BrpF q generated by cyclic algebras of degree 4 when charF  2
and
?
1 R F?
And one can ask the weaker question:
Problem 3.4. Is nBrpF q generated by algebras of degree n?
When n is prime, the answer to Problem 3.4 is “yes” by [Mer83]. More generally,
Merkurjev proved in [Mer86] that if n is a power of an odd prime p not equal
to charF , or if n is a power of 2 : p and
?
1 P F , then nBrpF q is generated
by quasi-symbols (see §2.6) whose index is bounded by nn{p. This result reduces
Problem 3.1 to the determination of whether classes of quasi-symbols are generated
by cyclic classes. Problem 3.4 is already open in the case n  4.
Symbol length. Once it is known that nBrpF q is generated by classes of cyclic
algebras, the focus turns to the the minimal number of cyclic algebras (of fixed
degree) needed to represent it in the Brauer group.
Suppose m and n have the same prime factors, m  n, and mBrpF q is generated
by cyclic algebras. Let `F pm,nq denote the minimal number such that every central
simple F -algebra of degree n and period (dividing) m is similar to a tensor product
of `F pm,nq cyclic algebras of degree m, unless no such bound exists, in which case
set `F pm,nq  8. If F contains them-th roots of unity, the generic division algebra
can be used to show that `F pm,nq is finite, by the Merkurjev–Suslin theorem. In
this case, we may assumem is a power of a prime p by [Tig84, Th. 2.2], and `F pm,nq
is known as the symbol length.
Problem 3.5. Suppose p is a prime, r ¤ s, and prBrpF q is generated by cyclic
algebras. Compute `F pp
r, psq.
Basic background on this problem can be found in [Tig84]. Almost all of the
known results for `F pm,nq are either for p-algebras, or fields F containing the m-th
roots of unity. Of course, `F pp, pq  1 for p  2, 3 by the classical theory, for any
field F . Albert’s theorem shows that `F p2, 4q  2, and `F p2, 8q  4 when charF  2
by [Tig84, Th. 2.6]. For proofs of these and other results that follow more or less
immediately from earlier work, see [Tig84]. In 1937, Teichmüller proved that for
p-algebras, `F pp
r, psq ¤ ps! pps! 1q ([Tei37]).
Lower bounds can be obtained via results on indecomposable algebras, which
we treat in §9. In [Tig84, Th. 2.3], Tignol proved that if p is a prime and F is a
field containing the pr-th roots of unity, then `F pp
r, psq ¥ s, by showing that the
generic division algebra itself cannot be represented as a sum of fewer than s classes
of cyclic algebras of degree pr. Tignol’s lower bounds were improved by Jacob in
[Jac91] in the prime period case, via the construction of indecomposable algebras
of period p and index pn for all n ¥ 1, except, of course, for p  2 and n  2. His
bounds, valid for F containing a primitive p-th root of unity, are `F pp, p
s
q ¥ 2s 1
for p odd, and `F p2, 2
s
q ¥ 2s 2 ([Jac91, Remark 3.7]).
For upper bounds, we have then `F pp, pq ¤
1
2
pp1q! for any odd prime p, provided
F contains the p-th roots of unity, by [Row88, Th. 7.2.43]. Kahn established some
upper bounds for `F p2, 2
s
q in [Kah00, Th. 1] for fields of characteristic not 2, and
conjectured the bound `F p2, 2
s
q ¤ 2s1, which holds in the known cases listed
above. Finally, Becher and Hoffmann proved that if F contains a p-th root of
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unity and satisfies the (admittedly strong) hypothesis rF : Fps  pm, then
`F pp, p
s
q  m{2 for p odd or p  2 and F non-real. If p  2 and F is real, the
result is pm  1q{2 ([BH04]).
In a related result, Mammone and Merkurjev showed that if A is a p-algebra
of period pr and degree ps, and A becomes cyclic over a finite separable field
extension, then A can be represented by at most psr classes of cyclic algebras
([MM91, Prop. 5]).
In [Sal97a], Saltman proved that if F is the function field of an l-adic curve, then
the degree of any F -division algebra divides the square of its period, and it follows
by Albert’s theorem that if l  2, then `F p2, 4q  2. If l  p and F contains the p-th
roots of unity, then Suresh proved that `F pp, p
2
q  2 for odd p in [Sur10]. Brussel
and Tengan removed the roots of unity requirement in [BT10], using a different
method. The bounds in the p  2 case were crucial to the determination of the
u-invariant of function fields of l-adic curves by Parimala–Suresh [PSar], see also
[PS98] and [PS05].
The first open case of Problem 3.5 (with or without roots of unity) is:
Problem 3.6. Find an upper bound on `F pp, p
2
q and `F pp
2, p2q for p ¥ 3.
4. Period-index problem
By the basic theory, the period of a central simple algebra divides its index (i.e.,
perpAq | indpAq for all A), and the two numbers have the same prime factors. For
a field F , define the Brauer dimension Br.dimpF q to be the smallest number n
such that indpAq divides perpAqn for every central simple F -algebra A; if no such
n exists, set Br.dimpF q  8.
Example 4.1. If BrF  0, then trivially Br.dimpF q  0. For F a local field
or a global field Br.dimpF q  1 by Albert–Brauer–Hasse–Noether. For F a field
finitely generated and of transcendence degree 2 over an algebraically closed field,
Br.dimpF q  1 by [dJ04] and [Lie08, Th. 4.2.2.3]. In case Br.dimpF q  1, one says
that “F has period  index”.
One can focus this notion on a particular prime p. Define Br.dimppF q to be the
smallest number n such that indpAq divides perpAqn for every central simple F -
algebra A whose index is a power of p. If no such n exists, we put Br.dimppF q  8.
Examples 4.2. (1) M. Artin conjectured in [Art82] that Br.dimpF q  1 for
every C2 field F . He proved that Br.dim2pF q  Br.dim3pF q  1 for such
fields, but no more is known.
(2) For F finitely generated and of transcendence degree 1 over an `-adic field
Br.dimppF q  2 for every prime p  ` by [Sal97a]. Is Br.dim`pF q finite?
(3) If F is a complete discretely valued field with residue field k such that
Br.dimppkq ¤ d for all primes p  charpkq, then Br.dimppF q ¤ d  1 for all
p  charpkq by [HHK09, Th. 5.5].
Example 4.3. If F has characteristic p and transcendence degree r over a perfect
field k, then Br.dimppF q ¤ r by the argument in the discussion on page 7 for
p-algebras.
Problem 4.4. If F is finitely generated over a field F0 with Br.dimpF0q finite, is
Br.dimpF q necessarily finite?
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It is natural to start by considering only certain fields F0. For example, sup-
pose that F has prime characteristic p and we take F0 to be its prime field, so
Br.dimpF0q  0. If F has transcendence degree 1 over F0, then F is global and
Br.dimpF q  1. If F has transcendence degree 2 over F0, then Br.dimpF q ¤ 3 by
[Lie08].
Problem 4.5. Define a notion of “dimension” for some class of fields F such that
Br.dimpF q ¤ dimF  1 and dimpF ptqq  dimF   1.
One possibility would be to set a Ci field to have dimension i. The notion of coho-
mological dimension is obviously not the right one in view of Merkurjev’s example
of a field F with cohomological dimension 2 and Br.dimpF q  8 from [Mer92].
5. Center of generic matrices
Amitsur’s universal division algebra has already appeared several times in these
notes. In this section, we discuss some interesting questions regarding its center.
We begin with the definition. Let F be a field, let V  MnpF q `MnpF q, and
let F pV q be the field of rational functions on V . For k  1, 2, let xijk be the
coordinate function defined by the standard elementary matrix Eij ` 0 or 0`Eij ,
depending on k, and set Xk  pxijkq P MnpF pV qq. We call the F -algebra RpF, nq
generated by X1 and X2 the ring of (two) generic n-by-n matrices over F ([Sal99,
Ch. 14]). It is a noncommutative domain that can be specialized to give any central
simple L-algebra of degree n, for every extension L of F [Sal99, 14.1]. The field
of fractions of its center CpF, nq  RpF, nq is denoted by ZpF, nq, and called the
center of generic n-by-n matrices over F . The (central) localization of RpF, nq by
the nonzero elements of CpF, nq is denoted by UDpF, nq, and called the generic
division algebra of degree n over F . In the language of [GMS03, p. 11], the class of
UDpF, nq in H1pZpF, nq,PGLnq is a versal torsor.
There is another way to view the above construction, due to Procesi. Let
PGLnpF q  GLnpF q{F
 be the projective linear group. This group has a rep-
resentation on V via the action A  pB1, B2q  pAB1A
1, AB2A
1
q. It follows
that PGLnpF q acts on F pV q, and one can show the invariant field F pV q
PGLnpF q
is ZpF, nq. Furthermore, PGLnpF q acts naturally on MnpF pV qq  MnpF q bF
F pV q via the action on each tensor factor, and one can show the invariant ring
MnpF pV qq
PGLnpF q is UDpF, nq (see [Sal99, Thm 14.16] for proofs of both results).
This invariant field point of view puts the problems of this section in the bigger con-
text of birational invariant fields of reductive groups and particularly the birational
invariant fields of almost free representations of reductive groups.
One can begin with the above construction and modify it to make other generic
constructions. For example, put D : UDpF, nq and Z : ZpF, nq and assume
m divides n. Let ZmpF, nq be the generic splitting field of the division algebra
equivalent to Dbm over Z, and set UDmpF, nq  DbZ ZmpF, nq. Then UDmpF, nq
is a generic division algebra of degree n and period m with center ZmpF, nq. In the
language of [GMS03], the class of UDmpF, nq in H
1
pZmpF, nq,GLn {µmq is a versal
torsor. Another example uses Procesi’s result that ZpF, nq  F pMqSn where Sn is
the symmetric group and M is a specific Sn lattice (see [Sal99, Thm 14.17]). The
group Sn appears because it is the Galois group of the Galois closure of a “generic”
maximal subfield of UDpF, nq. It follows that if H  Sn is a subgroup and we set
ZHpF, nq  F pMq
H , then UDHpF, nq  D bZ ZHpF, nq is a generic central simple
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algebra having H as the Galois group of the Galois closure of a maximal subfield.
In particular, if H has order n and acts transitively on t1, . . . , nu (we say H is a
transitive subgroup of Sn) we have formed the generic H-crossed product algebra
and its center. One can combine these constructions and form generic crossed
products of period m, but we will have nothing to say about these.
The general problem addressed here concerns the properties of the fields ZpF, nq
and their subsidiary fields ZmpF, nq and ZHpF, nq. To state the questions, define
L{F to be rational if L is purely transcendental over F . Define L{F to be stably
rational if there is a rational L1{L such that L1{F is rational. More generally, say
that L1{F and L2{F are stably isomorphic if there are rational L
1
i{Li such that
L11  L
1
2 over F . Finally, define L{F to be retract rational if the following holds.
There is a localized polynomial ring R  F rx1, . . . , xrsp1{sq and an F subalgebra
S  R with an F algebra retraction R Ñ S (meaning S Ñ R Ñ S is the identity)
such that L is the field of fractions of S. It is pretty clear that rational implies
stably rational implies retract rational, and in fact (much harder) these implications
cannot be reversed.
To simplify the discussion note the result of Katsylo [Kat90] and Schofield [Sch92]
that if n  ab for a and b relatively prime, then ZpF, nq is stably isomorphic to the
field compositum ZpF, aqZpF, bq. Similar statements are possible for the ZmpF, nq
and ZHpF, nq. This often (but not always) allows reduction to the case where n is
a prime power.
Problem 5.1. [Pro67, p. 240] Is ZpF, nq{F rational, stably rational, or retract
rational? The same question for ZmpF, nq and ZHpF, nq.
This appears as Problem 8 in [Sal92] (see also Saltman’s Problems 9, 10, and 11),
and is a major topic of the surveys [Le 91] and [For02]. We note that ZpF, nq{F
is retract rational if and only if division algebras of degree n have the so-called
lifting property, see [Sal99, p. 77]. Similar statements can be made for ZmpF, nq
and ZHpF, nq.
When n is 2, 3, or 4 then ZpF, nq is rational, as proved (respectively) by Sylvester,
Procesi and Formanek. When n is 5 or 7 Bessenrodt and Lebruyn showed in [BL91]
that ZpF, nq is stably rational, and a second, more elementary proof of this was
given by Beneish [Ben98].
There are a few results for the ZmpF, nq. The field Z2pF, 4q is stably rational
by Saltman [Sal02], and Saltman–Tignol [ST02] showed that Z2pF, 8q is retract
rational. Beneish [Ben05] showed that Z2pF, 8q is stably rational. Finally, we leave
to the well-read reader to prove that when H  Sn is cyclic and transitive and F
contains a primitive n-th root of unity, then ZHpF, nq is rational (and results are
available for general F , n not of the form 8m, and retract rationality). Thus the
first interesting specific question along these lines is:
Problem 5.2. Determine if ZHpF, 9q is rational, stably rational, or retract rational,
where H  C3  C3  S9 is transitive.
6. Essential dimension
Essential dimension counts the number of parameters needed to define an alge-
braic structure. This notion was introduced in the late 1990s by Buhler–Reichstein
[BR97] and placed in a general functorial context by Merkurjev [BF03]. Given a
field F , a functor F : FieldsF Ñ Sets from the category of field extensions of F
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(together with F -embeddings) to the category of sets, a field extension F Ñ K,
and an element a P F pKq, a field of definition of a is a field extension F Ñ L and
an F -embedding L Ñ K such that a is in the image of the map F pLq Ñ F pKq.
The essential dimension of a (over F ), denoted by edF paq, is the infimum of the
transcendence degrees trdegF pLq over all fields of definition L of a. Finally, the
essential dimension of F is the number
edF pF q  suptedF paqu
where the supremum is taken over all field extensions F Ñ K and all elements
a P F pKq. We will suppress the dependence on the base field F when no confusion
may arise.
The essential p-dimension of F , denoted by edF,ppF q or simply edppF q, is de-
fined similarly. One replaces edF paq with edF,ppaq, which is the infimum of edF paK1q
as K 1 varies over all finite embeddings KÑK 1 of prime-to-p degree. Obviously,
edF,ppaq ¤ edF paq for all a, hence edF,ppF q ¤ edF pF q.
Definition 6.1. The essential dimension edpGq  edF pGq of an algebraic group G
over F is the essential dimension of the functor H1p, Gq. Similarly, the essential
p-dimension edppGq  edF,ppGq of G is the essential p-dimension of the functor
H1p, Gq.
The essential dimension of a algebraic group G equals the essential dimension
of any versal G-torsor, see [BF03, §6]. For a broad survey of essential dimension
results, see Reichstein’s sectional address [Rei10] to the 2010 ICM in Hyderabad,
India.
The functor H1p,PGLnq is identified via Galois descent with the functor assign-
ing to a field extension F Ñ K the isomorphism classes of central simpleK-algebras
of degree n. As we shall discuss below, computation of the essential dimension of
PGLn is relevant to the theory of central simple algebras, in the sense that knowing
the “number of parameters” needed to define central simple algebras of degree n
can lead to conclusions about their structural properties (e.g. concerning decom-
posability and crossed product structure).
Problem 6.2. Compute the essential dimension and the essential p-dimension of
PGLn. In particular:
(1) Compute edF pPGL4q when charF  2.
(2) Compute edF pPGL5q.
What is known. The generic division algebra UDpF, nq of degree n corresponds to
a versal PGLn-torsor, see §5. It is immediate from Procesi’s description of ZpF, nq
by means of invariants that edpPGLnq ¤ n
2
  1, see [Pro67, Th. 1.8]. With some
additional work, Procesi [Pro67, Th. 2.1] proved that edpPGLnq ¤ n
2. The current
best upper bounds are
edpPGLnq ¤
#
1
2
pn 1qpn 2q if n ¥ 5 and n is odd
n2  3n  1 if n ¥ 4, F  Fsep, and charpF q  0
see [LRRS03, Th. 1.1], [Lem04, Prop. 1.6], and [FF08].
Tsen’s theorem can be used to show that edpPGLnq ¥ 2 for any n ¥ 2, see
[Rei00, Lemma 9.4a]. The current best lower bounds are
edpPGLnq ¥ edppPGLnq ¥ pr  1qp
r
  1
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where pr is the highest power of p dividing n and we assume charF  p, see
Merkurjev [Merar] and the discussion below. This improves on the long-standing
lower bound edpPGLprq ¥ edppPGLpr q ¥ 2r in [Rei99, Th. 16.1], [RY00, Th. 8.6].
Finally, because of the decomposition of central simple algebras into prime powers,
edpPGLnmq ¤ edpPGLnq   edpPGLmq if pn,mq  1.
Table 6 lists current bounds for edpPGLnq for small values of n, obtained by
combining the bounds in this discussion with those after the discussion of Problem
6.4. (A slightly different table on the same topic can be found at the end of Baek’s
thesis [Bae10].) Of course, the bounds may improve upon further specification of the
field. The cases for n  4 in characteristic 2 and for n  5 are the smallest unknown
cases, and each has important implications for the crossed product problems of §2
and §1, respectively (see discussion below). The feeble bounds on the second line
of the table—when the characteristic divides n—illustrate our lack of knowledge in
this case. One of the few positive results is that the upper bound edpPGL4q ¤ 5
from [LRRS03, Cor. 3.10(a)] holds without hypotheses on the base field.
n 2 3 4 5 6 7 8 9 10
edpPGLnq
charF  n
2 2 5
2: – 6
3 – 6
2:
3
2: – 15
3 – 15
17 – 64 10 – 28 2
: – 8
3 – 8
edpPGLnq
charF  n
2 2 2 – 5 2 – 6 2 – 3 2 – 15 2 – 64 2 – 28 2 – 8
Table 6. Bounds for edpPGLnq, references found in the text.
:
means “when F contains ζn{2 if n is even or ζn   ζ
1
n if n is odd”
Much more is known about essential p-dimension. By Reichstein–Youssin [RY00,
Lemma 8.5.5], edppPGLnq  edppPGLpr q if p
r is the highest power of p dividing
n; in particular, edppPGLnq  0 if p does not divide n. Every central simple alge-
bra of degree p becomes cyclic over a prime-to-p extension, eventually leading to
edppPGLpq  2, see [RY00, Lemma 8.5.7]. Using an extension of Karpenko’s incom-
pressibility theorem to products of p-primary Severi–Brauer varieties, Karpenko–
Merkurjev [KM08] provide a formula for the essential dimension of any finite p-
group, considered over a field containing the p-th roots of unity. This general
formula was extended to twisted p-groups and algebraic tori in [LMMR09], and
ultimately used with great success by Merkurjev [Mer10], [Merar] to establish the
formula edppPGLp2q  p
2
  1 for any field F with charF  p, and the current best
lower bound
(6.3) pr  1qpr   1 ¤ edppPGLpr q ¤ p
2r2
  1.
The above upper bound is in a recent preprint by Ruozzi [Ruo10], improving on
[MR09, Th. 1.1]. For p  2 and r  3, note that the upper and lower bounds
coincide, yielding ed2pPGL8q  17 when charF  2.
Asymptotic bounds. It might be illustrative to view these bounds on edpPGLnq
asymptotically, in terms of big-O notation. In that language, we have the naive
upper bound that edpPGLnq is Opn
2
q and the naive lower bound that it is Ωp1q,
because it is between n2   1 and 2. The furious profusion of bounds listed in
this section are invisible in this context, except for Merkurjev’s lower bound (6.3),
which shows that edpPGLnq is not Opnq. (This settled in the negative Bruno Kahn’s
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“barbecue problem” posed in 1992 [MR09, §1].) The gap between the upper and
lower bounds for PGLn stands in interesting constrast with the situtation for Spinn:
edpSpinnq is both Op
?
2
n
q and Ωp
?
2
n
q, i.e., is asymptotically bounded both above
and below by constants times
?
2
n
, by [BRV10].
Essential dimension and crossed products. Let G be a finite group of order
n ¥ 2. Let CPAlgn (resp. AlgG) be the functor FieldsF Ñ Sets assigning to F Ñ K
the set of isomorphism classes of crossed product (resp. G-crossed product) K-
algebras of degree n. Of course, edpCPAlgnq is the maximum of edpAlgGq over all
groups G of order n. These functors are relevant to the crossed product problem
discussed in §2. For example, edpAlgGq ¤ edpCPAlgnq ¤ edpPGLnq, with equality
if every central simple algebra of degree n over every field extension of F is a G-
crossed product. An inequality edpCPAlgnq   edpPGLnq would imply the existence
of a noncrossed product algebra of degree n over some field extension of F .
Problem 6.4. Determine structural conclusions about central simple algebras from
essential (p-)dimension bounds.
(1) Calculate bounds for edpCPAlgnq and edpAlgGq.
(2) Compute the difference edpAlgGq  edpGq.
(3) If edpCPAlgnq  edpPGLnq, determine whether every algebra of degree n
over every extension of F is a crossed product.
What is known. By [Alb61, IX.6, Theorem 9], H1p,PGLnq is isomorphic to the
functor AlgG for n  2, 3, 6 and G  Cn, and for n  4 and G  C2 C2. A result
communicated to us by Merkurjev states that edpAlgCnq  edpCnq 1 when charF
does not divide n (see Prop. 6.6). Since edpC2q  edpC3q  1 (over any field, see
cf. [Ser08, §1.1], [JLY02, §2.1]), and edpC6q equals 1 or 2 (depending on whether F
contains the 6-th roots of unity or not), we obtain the values listed in Table 6 for
n  2, 3, 6 and charF not dividing n. When n  6 and charF divides n, one can
show that edpC6q  2 using [Led07, Th. 1], and therefore 2 ¤ edpPGL6q ¤ 3. Note
that Prop. 6.6 resolves Problem 6.4(2) for G  Cn, when charF does not divide n.
In [Merar, Th. 7.1], Merkurjev proved that edpAlgC2C2q  5 when charF  2,
and thus edpPGL4q  5 (see also Rost [Ros00]). Note that since edpAlgC4q 
edpC4q   1 ¤ 3 when charF  2, this implies the existence of noncyclic algebras of
degree 4 (and period 4), as exhibited in [Alb33].
One can bound edpAlgGq by bounding the number of generators of G. If a
finite group G of order n can be generated be r ¥ 2 elements, then edpAlgGq ¤
pr1qn 1, see [LRRS03, Cor. 3.10a]. This shows edpPGL4q ¤ 5 when charF  2.
The bound is sharp for charF  p: if G  Crp for r ¥ 2 and charF  p, then
edpAlgGq  edppAlgGq  pr  1qp
r
  1 by [Merar, Th. 7.1]. Note that this resolves
Problem 6.4(1) for elementary abelian G. One can bound the number of generators
by r ¤ log2pnq for n ¥ 4, see [LRRS03, Cor. 3.10b], and this bound is realized on
elementary abelian 2-groups. Thus edpCPAlgnq ¤ plog2pnq  1qn   1 for n ¥ 4.
Now we have:
edpCPAlg8q ¤ 17  ed2pPGL8q ¤ edpPGL8q.
As there exist non-crossed products of degree 8, it is reasonable to guess that at
least one of the two inequalities is strict.
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Algebras with small exponent. The functor H1p,GLn {µmq assigns to a field
K the isomorphism classes of central simple K-algebras of degree n and period di-
viding m. Of course, H1p,GLn {µnq  H
1
p,PGLnq. By Albert’s theorem, every
algebra of degree 4 and period 2 is biquaternion, ultimately yielding edpGL4 {µ2q 
ed2pGL4 {µ2q  4 when charF  2, see [BM10, Rem. 8.2]. When charF  2,
all algebras of degree 4 and period 2 are cyclic by [Alb34], hence edpGL4 {µ2q 
edpAlgC4q ¤ edpC4q   1  3 (one can bound edpC4q using Witt vectors of length
2, see [JLY02, Th. 8.4.1]). Similarly, for GL8 {µ2, Rowen [Row78] produced tri-
quadratic splitting fields, ultimately yielding edpGL8 {µ2q  ed2pGL8 {µ2q  8 when
charF  2, see [BM10, Cor. 8.3]. In particular, this implies the existence of alge-
bras of degree 8 and period 2 (when charF  2) that are not decomposable as a
product of three quaternion algebras; such examples were exhibited in [ART79].
When charF  p, the current best bounds for edppGLpr {µpsq are
pr  1q2r1
pr  1qpr   prs
*
¤ edppGLpr {µpsq ¤
#
22r2 for p  2 and s  1
p2r2   prs otherwise
for r ¥ 2 and 1 ¤ s ¤ r, see [BM10, Th. 6.1, 7.2], [Ruo10, Th. 1.1], and [Bae10,
Th. 4.1.30]. For p odd and r  2, the upper and lower bounds coincide, yielding
edppGLp2 {µp2q  p
2
  1 and edppGLp2 {µpq  p
2
  p.
This implies the existence of indecomposable algebras of degree p2 and period p, as
exhibited previously in [Tig87], and is an example of an essential dimension result
having implications on the existence of algebras with certain structural properties.
The smallest open cases seem to be:
Problem 6.5. Compute edF pGL8 {µ2q when charF  2; edF pGL16 {µ2q when
charF  2; and edF pGLp2 {µpq for odd primes p and all F .
The last part overlaps with Problem 2.1.
We prove the essential dimension result stated above:
Proposition 6.6. If charF does not divide n ¡ 1, then edF pAlgCnq  edF pCnq 1.
Proof. Since clearly edF pAlgCnq ¤ edF pCnq   1, it suffices to produce an algebra
with essential dimension at least edF pCnq   1. Suppose K{F is a field extension,
L{K is a cyclic field extension of degree n, and A  pL{K,σ, tq is a cyclic crossed
product over the rational function field Kptq. The parameter t defines a discrete
valuation v on K, and we have a residue BvpAq  χ, for an element χ of order
n in the character group XpKq. If A is defined as A0 over an extension E{F ,
then t defines a discrete valuation v0 on E, and Bv0pA0q  χ0 P Xpκpv0qq. Since
the residue map commutes with scalar extension—scaled by the ramification in-
dex if necessary—χ0 has order at least n, hence edF pCnq ¤ trdegF pκpv0qq. Since
trdegF pκpv0qq   trdegF pEq, we conclude edF pCnq   edF pAq. 
7. Springer problem for involutions
Involutions on central simple algebras are ring-antiautomorphisms of period 2.
They come in different types, depending on their action on the center and on the
type of bilinear forms they are adjoint to after scalar extension to an algebraic
closure of the center: an involution is of orthogonal (resp. symplectic) type if it
is adjoint to a symmetric, nonalternating bilinear form (resp. to an alternating
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bilinear form) over an algebraic closure; it is of unitary type if its restriction to
the center is not the identity. The correspondence between central simple algebras
with involution and linear algebraic groups of classical type was first pointed out
by André Weil [Wei60]; it is a deep source of inspiration for the development of the
theory of central simple algebras with involution, see [KMRT98]. For semisimple
linear algebraic groups, Tits defined in [Tit66] a notion of index, which generalizes
the Schur index of central simple algebras and the Witt index of quadratic forms.
Anisotropic general linear groups arise from division algebras, and anisotropic qua-
dratic forms yield anisotropic orthogonal groups. More generally, every adjoint
group of type 1Dn or
2Dn over a field of characteristic different from 2 can be rep-
resented as the group of automorphisms of a central simple algebra A of degree 2n
with orthogonal involution σ; the group is anisotropic if and only if σ is anisotropic
in the following sense: for x P A, the equation σpxqx  0 implies x  0. The
behavior of the index under scalar extension is a major subject of study, to which
the following problem, first formulated in [BST93, p. 475], pertains:
Problem 7.1. Suppose σ is an anisotropic orthogonal or symplectic involution on
a central simple algebra A over a field F . Does σ remain anisotropic after scalar
extension to any odd-degree field extension of F?
(If charF  2, the question makes sense, but to preserve the relation with linear
algebraic groups one should replace the orthogonal involution σ with a quadratic
pair [KMRT98, §5B].)
Representing A as EndD V for some vector space V over a division algebra D,
we may rephrase the problem in terms of hermitian forms: if a hermitian or skew-
hermitian form over a division algebra with orthogonal or symplectic involution
is anisotropic, does it remain anisotropic after any odd-degree extension? When
the central simple algebra is split (which is always the case if its degree degA is
odd), orthogonal involutions are adjoint to symmetric bilinear forms, and the prob-
lem has an affirmative solution by a well-known theorem of Springer [EKM08,
Cor. 18.5] (actually first proven—but not published—by E. Artin in 1937, see
[Kah08, Rem. 1.5.3]). On the other hand, every symplectic involution on a split
algebra is hyperbolic, hence isotropic, so the problem does not arise for symplectic
involutions on split algebras. At the other extreme, if A is a division algebra, then
the solution is obviously affirmative, since A remains a division algebra after any
odd-degree extension and every involution on a division algebra is anisotropic.
Variants of Problem 7.1 take into account the “size” of the isotropy: call a right
ideal I  A isotropic for an involution σ if σpIq  I  t0u, and define its reduced
dimension by rdim I  dim I
degA
. The reduced dimension of a right ideal can be any
multiple of the Schur index indA between indA and degA, but for isotropic ideals
we have rdim I ¤ 1
2
degA, see [KMRT98, §6A]. The involution σ is called metabolic
if A contains an isotropic ideal of reduced dimension 1
2
degA. A weak version of
Springer’s theorem holds for arbitrary involutions: Bayer–Lenstra proved in [BL90,
Prop. 1.2] that an involution that is not metabolic cannot become metabolic over
an odd-degree field extension. As a result, Problem 7.1 also has an affirmative
solution when indA  1
2
degA, for in this case isotropy implies metabolicity. (See
[BFT07, Th. 1.14] for the analogue for quadratic pairs.)
If charF  2 and indA  2, Problem 7.1 was solved in the affirmative by
Parimala–Sridharan–Suresh [PSS01]. The symplectic case is easily reduced to the
case of quadratic forms by an observation of Jacobson relating hermitian forms over
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quaternion algebras to quadratic forms. The orthogonal case also is reduced to the
case of quadratic forms, using scalar extension to the function field of the conic
that splits A. That approach relates Problem 7.1 to another important question,
to which Parimala–Sridharan–Suresh gave a positive solution when indA  2 and
charF  2:
Problem 7.2. Suppose σ is an anisotropic orthogonal involution on a central simple
algebra A over a field F . Does σ remain anisotropic after scalar extension to the
function field FA of the Severi–Brauer variety of A?
(This is a special case of a general problem concerning semisimple algebraic
groups, namely whether a projective homogeneous variety under one group has a
rational point over the function field of a projective homogeneous variety under
another group. From this perspective, Problem 7.2 is asking for an analogue of the
index reduction results from [SvdB92], [MPW96], [MPW98], etc.)
By Springer’s theorem, an affirmative answer to Problem 7.2 readily implies that
Problem 7.1 has an affirmative solution for orthogonal involutions. Surprisingly,
Karpenko [Kar09a] recently proved that the converse also holds when charF  2:
an orthogonal involution cannot become isotropic over FA unless it also becomes
isotropic over some odd-degree extension of F .
Problem 7.2 is addressed in the following papers (besides [PSS01] and [Kar09a]):
[Kar00], [Kar09b], [Gar09b], [Karar]. In [Kar00] and [Kar10, 2.5], Karpenko gives
an affirmative solution when A is a division algebra. This result is superseded in
[Kar09b], where he proves that for any quadratic pair on a central simple algebra
A of arbitrary characteristic, the Witt index of the quadratic form to which the
quadratic pair is adjoint over FA is a multiple of indA. In particular, it follows that
if the quadratic pair becomes hyperbolic over FA, then indA divides
1
2
degA. An
alternative proof of the latter result is given by Zainoulline in [Gar09b, Appendix A].
A much stronger statement was soon proved by Karpenko [Karar]: if charF  2,
an orthogonal involution that is not hyperbolic cannot become hyperbolic over FA.
(The special case where degA  8 and indA  4 was obtained earlier by Sivatski
in [Siv05, Prop. 3], using Laghribi’s work on 8-dimensional quadratic forms [Lag96,
Théorème 4].)
Note that the orthogonal and symplectic cases of Problem 7.1 are related by
the following observation: tensoring a given central simple F -algebra with involu-
tion pA, σq with the “generic” quaternion algebra px, yqF px,yq with its conjugation
involution yields a central simple F px, yq-algebra with involution pA1, σ1q, which is
anisotropic if and only if σ is anisotropic. If charF  2, the involution σ1 is orthog-
onal (resp. symplectic) if and only if σ is symplectic (resp. orthogonal). Therefore,
a negative solution to Problem 7.1 for a given degree d and index i in the orthog-
onal (resp., symplectic) case readily yields a negative solution in the symplectic
(resp. orthogonal) case in degree 2d and index 2i. The same idea can be used to
obtain symplectic versions of the results on Problem 7.2, where FA is replaced by
a field over which the index of A is generically reduced to 2, see [Karar, App. A].
If charF  2, the smallest index for which Problem 7.1 is open is 4, and the
smallest degree is 12. Since Parimala–Sridharan–Suresh do not address the char-
acteristic 2 case in [PSS01], Problem 7.1—restated for quadratic pairs—seems to
be open in this case already for index 2 and degree 8. (The answer to Problem
7.1 is “yes” in the degree 6 case. This can be seen via the exceptional isomorphism
D3  A3.)
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Unitary involutions. The analogue of Problem 7.1 for unitary involutions was
solved in the negative in [PSS01]: for any odd prime p, there is a central simple
algebra A of degree 2p and index p with anisotropic unitary involution over a field
F  `pptqq, where ` is a ramified quadratic extension of a p-adic field k, which
becomes isotropic over any odd-degree extension of F that splits A. If p ¥ 5, there
are unitary involutions on division algebras of degree p that become isotropic after
scalar extension to any maximal subfield. As Parimala–Sridharan–Suresh suggest
at the end of their paper, the correct analogue of Problem 7.1 for unitary involutions
should probably ask: Does the involution remain anisotropic after scalar extension
to a field extension of degree coprime to 2 indA?
Motivated by this observation, we can generalize Problem 7.1 by asking:
Problem 7.3. Let G be an absolutely almost simple linear algebraic group that is
anisotropic over F . Does G remain anisotropic over every finite extension K{F of
dimension not divisible by any prime in SpGq?
Here SpGq denotes the set of ‘homological torsion primes’ from [Ser95, 2.2.3],
exhibited in Table 7. Roughly speaking, the results on Problem 7.1 for orthogonal
and symplectic involutions concern the types B, C, and D cases of Problem 7.3 and
the results for unitary involutions concern the type A case. The answer to Problem
7.3 is “yes” for G of type G2 or F4; this can be seen by inspecting the cohomological
invariants of these groups described in [KMRT98].
type of G elements of SpGq
An 2 and prime divisors of n  1
Bn, Cn, Dn (n ¡ 4), G2 2
D4, F4, E6, E7 2 and 3
E8 2, 3, and 5
Table 7. The set SpGq of homological torsion primes for an ab-
solutely almost simple algebraic group G
8. Artin–Tate Conjecture
Motivated by an analogue of the Birch and Swinnerton-Dyer conjecture for
abelian varieties over global fields of characteristic p, Tate (reporting on joint work
with Artin) [Tat66b] introduces a host of conjectures for surfaces over finite fields.
As most of the progress on these conjectures has been made from their connection
with the Tate conjecture on algebraic cycles and the Birch and Swinnerton-Dyer
conjecture, a natural challenge arises: Can progress be made on the conjectures in
this section using “central simple algebra techniques”?
Let k  Fq be a finite field of characteristic p and X a geometrically connected,
smooth, and projective k-surface. Let BrpXq  H2étpX,Gmq, which equals the
Azumaya Brauer group since X is regular over a field.
Conjecture (Artin–Tate Conjecture A). The Brauer group of X is finite.
Since BrpXq  BrurpkpXqq, where BrurpkpXqq denotes the unramified (at all
codimensional 1 points) Brauer group of the function field kpXq of X , Conjecture
A is equivalent to:
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Conjecture (Artin–Tate Conjecture A). If kpXq be a function field of transcen-
dence degree 2 over a finite field, then there are finitely many unramified classes in
BrpkpXqq.
Relationship with the Tate Conjecture on algebraic cycles. Let `  p be a
prime. Let P2pX, tq be the characteristic polynomial of the action of the (geometric)
Frobenius morphism on the `-adic cohomology H2pX,Q`p1qq, where X  X k
ksep. Let NSpXq  PicpXq{Pic
0
pXq denote the Néron–Severi group of X and
ρpXq  rankZNSpXq its Picard number. Tate [Tat65, §3] has earlier conjectured
a relationship between the Picard number and this characteristic polynomial for
surfaces.
Conjecture (Tate’s Conjecture T). The Picard number of X is equal to the mul-
tiplicity of the root t  q1 in the polynomial P2pX, tq.
Tate [Tat66b, §4, Conjecture C] refines this by providing a conjectural leading
term for the polynomial P2pX, tq at t  q
1.
Conjecture (Artin–Tate Conjecture C).
lim
sÑ1
P2pX, q
s
q
 
1 q1s
ρpXq

|BrpXq| | detphNSpXqq|
qαpXq |NSpXqtors|2
where hNSpXq is the intersection form on the Néron–Severi group modulo torsion,
αpXq  χpX,OXq  1  dimPicX , and PicX is the Picard variety of X.
In fact, it turns out that showing the finiteness of BrpXq is the “hard part,” and
all of the above conjectures are equivalent.
Theorem 8.1. The following statements are equivalent:
(1) Conjecture A holds for X, i.e. BrpXq is finite.
(2) `BrpXq is finite for some prime ` (with `  p allowed).
(3) Conjecture T holds for X.
(4) Conjecture C holds for X.
In [Tat66b, Th. 5.2], the prime-to-p part of this theorem is proved, i.e. the finite-
ness of the prime-to-p part of the Brauer group p1BrpXq is equivalent to Conjecture
C up to a power of p. Milne [Mil75, Th. 4.1] proves the general case using com-
parisons between étale and crystalline cohomology. Note that in [Mil75], Milne
assumes that p  2, though on his website addendum page, he points out that by
appealing to Illusie [Ill79] in place of a preprint of Bloch, this hypothesis may be
removed.
In turn, Conjecture T is a special case of the Tate Conjecture on algebraic cycles
[Tat65, Conjecture 1], made at the AMS Summer Institute at Woods Hole, 1964.
Denote by ZipXq the group of algebraic cycles of codimension i on a variety X .
Conjecture (Tate Conjecture). Let k be a field finitely generated over its prime
field, Γ  Galpksep{kq, and X a geometrically connected, smooth, and projective
k-variety. Then the image of the cycle map
cl : ZipXq Ñ H2ipX,Q`piqq
spans the Q`-vector subspace H
2i
pX,Q`piqq
Γ of Galois invariant classes.
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In the case of interest to us, of (co)dimension one cycles on a surface over a finite
field, the cycle map factors through the Néron–Severi group and Milne [Mil75,
Th. 4.1] (following Tate [Tat65, §3]) proves that the Tate conjecture (in this case,
equivalent to ρpXq  rankZH
2
pX,Q`p1qq
Γ) is equivalent to Conjecture T.
What is known. Conjecture T is known for many special classes of surfaces: ra-
tional surfaces (Milne [Mil70]), Fermat hypersurfacesXn0  X
n
1  X
n
2  X
n
3  0, with
p  1 mod n or pa  1 mod n for some a (Tate [Tat65, §3]), abelian surfaces and
products of two curves (Tate [Tat66a, Th. 4]), K3 surfaces with a pencil of elliptic
curves (Artin and Swinnerton-Dyer [ASD73, Th. 5.2]), K3 surface of finite height
(where p ¥ 5) (Nygaard [Nyg83, Cor. 3.4] and Nygaard–Ogus [NO85, Theorem
0.2]), and certain classes of Hilbert modular surfaces (Harder–Langlands–Rapoport
[HLR86], Murty–Kumar–Ramakrishnan [MR87], Langer [Lan00], [Lan04]). Fur-
thermore, Conjecture T respects birational equivalence and finite morphisms. In
particular, Conjecture T holds for unirational surfaces and Kummer surfaces. Also,
Conjecture T holds for any surface which lifts to a smooth surface in characteristic
zero with geometric genus pg  0.
Relationship with the Birch and Swinnerton-Dyer Conjecture. The re-
fined statement of the Birch and Swinnerton-Dyer (BSD) conjecture over global
fields of characteristic p appears in [Tat66b, §1].
Conjecture (BSD Conjecture). Let K be a global field of characteristic p, A an
abelian K-variety, and LpA, sq the L-function of A with respect to a suitably nor-
malized Tamagawa measure. Then LpA, sq has an analytic continuation to the
complex plane and
lim
sÑ1
LpA, sq
ps 1qr

|XpAq| | detphAq|
|ApKqtors| |AˆpKqtors|
where hA is the Néron–Tate height pairing on ApKq modulo torsion, Aˆ is the dual
abelian variety, and r  rankZApKq is the rank of the Mordell–Weil group.
Milne [Mil68] proves the BSD conjecture for constant abelian varieties. Oth-
erwise, there are a host of results on the BSD conjecture for particular classes of
abelian varieties over global fields of characteristic p. For a modern treatment of
the BSD conjecture for abelian varieties over number fields, see Hindry–Silverman
[HS00, Appendix F.4].
Now, let C be a geometrically connected, smooth, and projective k-curve with
function field K  kpCq and suppose that there is a proper flat morphism f :
X Ñ C with generic fiber XK a geometrically connected, smooth, and projective
K-curve. Let A be the jacobian of XK .
Theorem 8.2 (Artin–Tate Conjecture d). Conjecture C for the k-surface X is
equivalent to the BSD conjecture for the jacobian A of the K-curve XK .
Tate explains that “this conjecture gets only a small letter d as label, because it
is of a much more elementary nature” than Conjecture C or the BSD conjecture,
see [Tat66b, §4]. The Artin–Tate conjecture d is proved by Liu–Lorenzini–Raynaud
[LLR05], following a suggestion of Leslie Saper. In fact, as shown in [LLR05, Proof
of Theorem 1], any geometrically connected, smooth, and projective k-surface X is
birational to another such surfaceX 1 admitting a proper flat morphism f 1 : X 1 Ñ P1
with geometrically connected, smooth, and projective generic fiber. In particular,
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up to birational transformations, we may replace any surface by a surface fibered
over a curve to which Conjecture d applies.
Square order of the Brauer group. If either group is assumed to be finite,
then a precise relationship between |BrpXq| and |XpAq| is given in Liu–Lorenzini–
Raynaud [LLR04, Th. 4.3], [LLR05, Corollary 3] in terms of the local and global
periods and indices of the curve XK .
Theorem 8.3 (Liu–Lorenzini–Raynaud [LLR05, Cor. 3]). Let f : X Ñ C be as
above. For each closed point v of C, denote by Kv the completion of K  kpCq
at v, and by δv and δ
1
v the index and period, respectively, of the Kv-curve XKv .
Denote by δ the index of the K-curve XK . Assume that either BrpXq or XpAq is
finite, where A is the jacobian of XK . Then
|XpAq|
¹
vPC
δvδ
1
v  |BrpXq| δ
2
and |BrpXq| is a square.
As explained in the introduction of [LLR05], the fact that the Brauer group of
X has (conjecturally) square order is surprising given the history of the subject.
Tate [Tat66b] (see also Milne [Mil75, Th. 2.4]) exhibit a skew-symmetric bilinear
pairing,
BrpXq  BrpXq Ñ Q{Z
px, yq ÞÑ trpx˜Y βy˜q
on the Brauer group of a surface over a finite field, defined by taking lifts x˜, y˜ P
H2étpX,µnq of x, y P nBrpXq, where β : H
2
étpX,µnq Ñ H
3
étpX,µnq is the cobound-
ary map arising from the exact sequence 1 Ñ µn Ñ µn2 Ñ µn Ñ 1, and tr :
H5étpX,µ
b2
n q  Z{nZ is the arithmetic trace map induced from duality and the
Hochschild–Serre spectral sequence, as in [Tat66b, Formula 5.4]. This pairing is
non-degenerate on the prime-to-p part of the Brauer group and has kernel consist-
ing of the maximal divisible subgroup of BrpXq. In particular, if BrpXq is assumed
to be finite, it must have order either a square or twice a square.
In the late 1960s, Manin published examples of rational surfaces over finite fields
with Brauer group of order 2. Finally, in 1996, Urabe found a mistake in Manin’s
examples and proved that rational surfaces always have Brauer groups of square
order. The proof that 2BrpXq is a square in [LLR05] uses knowledge of 2XpAq, via
Theorem 8.2.
The (conjectural) square order of BrpXq would immediately result from the
existence of a non-degenerate alternating pairing. Of course, this is only a nontrivial
question on the 2-primary torsion BrpXqp2q of the Brauer group.
Problem 8.4. Given a geometrically connected, smooth, projective surface X over
a finite field k, is there a non-degenerate alternating pairing on BrpXqp2q with values
in Q{Z?
This is addressed in Urabe [Ura96, Th. 0.3], where it is proved that the restriction
of Tate’s skew-symmetric form to kerpBrpXq Ñ BrpXqq is alternating. As a corol-
lary, this settles the question whenever H3étpX,Z2p1qqtors is trivial, in particular,
this is the case for rational surfaces, ruled surfaces, abelian surfaces, K3 surfaces,
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or complete intersections in projective space. The question is still open, for ex-
ample, if X is an Enriques surface. Also see Poonen–Stoll’s [PS99, §11] possible
strategy for finding a counterexample.
9. The tensor product problem
Both surveys [Ami82] and [Sal92] address problems concerning division algebra
decomposability. We say an F -division algebra D is decomposable if there exist F -
division algebras A and B such that D  AbF B. All division algebras decompose
into p-primary tensor factors, and all p-primary factors with equal period and index
are indecomposable, so the problem of when a division algebra decomposes is only
interesting for division algebras of unequal prime-power period and index. Albert
proved that any division algebra of period 2 and index 4 is decomposable in [Alb32],
and for a long time all known division algebras of unequal period and index were
decomposable by construction. However, in 1979 Saltman and Amitsur–Rowen–
Tignol independently constructed nontrivially indecomposable division algebras, in
[Sal79] and [ART79]. In 1991 Jacob produced indecomposable division algebras of
prime period p and index pn for any n ¥ 1, except when p  2 and n  2 ([Jac91]).
Thus by the time of Saltman’s survey [Sal92], examples had been produced of every
conceivable period-index combination, though not in every characteristic.
One of the few remaining gaps in the list of [Sal92] was filled shortly afterwards
by Karpenko, who produced indecomposable division algebras (of a generic type)
in any characteristic with any odd prime-power period pm and index pn, for any
m ¤ n (see also [McK08]), and period 2 and index 2n for n ¥ 3. The odd degree
examples used the index reduction formula [SvdB92] of Schofield and van den Bergh
and the theory of cycles on Severi–Brauer varieties ([Kar95]), and the 2-power
degree examples used his theorem [Kar98, Prop. 5.3] that a division algebra A
of prime period is indecomposable if the torsion subgroup of the Chow group of
codimension-2 cycles on A’s Severi–Brauer variety is nontrivial. The two problems
on indecomposability asked in [Sal92] were settled by Brussel in [Bru00] (Problem
6) and [Bru96] (Problem 7), respectively. However, Brussel’s solution to Problem
6, which asked for an indecomposable division algebra of prime degree pn that
becomes decomposable over a prime-to-p extension, relied on the absence of a p-th
root of unity, and Problem 6 remains open for fields containing the p-th roots of
unity. Thus the search for a “geometric” obstruction to decomposability is still
interesting. For example, Karpenko’s examples resulting from Karpenko’s theorem
are manifestly stable under prime-to-p extension.
Problem 9.1. Is there a structural criterion for the tensor product AbF B of two
F -division algebras A and B to have a zero divisor?
For a fixed primitive n-th root of unity ξ, let pa, bqn denote the symbol algebra
of degree n over F , generated by elements u and v under the relations un  a,
vn  b, uv  ξvu.
Problem 9.2. Suppose pa, bqn and pc, dqn are symbol algebras of degree n over F ,
and pa, bqnbF pc, dqn has index   n
2. Are there necessarily symbol algebras pa1, b1qn
and pc1, d1qn that share a common maximal subfield and such that pa, bqnbF pc, dqn 
pa1, b1qn bF pc
1, d1qn?
One can also consider splitting fields instead of maximal subfields:
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Problem 9.3. If indpA bF Bq   indpAq indpBq, what are the common splitting
fields for the F -division algebras A and B?
What is known. The first major result concerning the tensor product question
was Albert’s theorem that the tensor product of central quaternion algebras is a
division algebra if and only if they do not have a common maximal subfield ([Alb32,
Th. 6]). Using a similar proof, Risman [Ris75] showed that for any quaternion
algebra A and any division algebra B, if AbB is not a division algebra, then either
B contains a field K such that AbK is not a division algebra, or A contains a field
K such that K bB is not a division algebra.
In spite of Albert’s theorem for quaternions, Tignol and Wadsworth [TW87,
Prop. 5.1] produced for any odd integer n an example in which A and B are division
algebras of degree n, AbF B is not a division algebra, yet A and B have no common
maximal subfields. Saltman pointed out that for these examples, A bF B
op is a
division algebra, and he noted that a better question to ask is therefore whether
one could have Abi bB not a division algebra for all i, with A and B still having
no common subfields. Mammone answered the question in [Mam92], producing
examples A bF B with A of degree n and B of degree n
2 for any n. Then Jacob
and Wadsworth [JW93, Th. 1] constructed examples of degree p for any odd prime
p, using valuation-theoretic methods. In [Kar99, Th. II.1], Karpenko produced an
essentially different family of examples, also of equal odd prime degrees, using the
theory of the Chow group of Severi–Brauer varieties.
The examples of [JW93] support an affirmative answer to Problem 9.2. In fact,
they involve symbol algebras A  pa, λqp and B  pc, dλqp of degree n  p over a
power series field F : kppλqq, with a, c, d P k, and Abi b B  paic, λqp b pc, dqp.
This has index p iff kp
p
?
aicq splits pc, dqp, which is the case if and only if pa
ic, λqp
and pc, dqp have a common subfield.
As for Problem 9.3, it follows from Albert’s and Risman’s examples that if A is
a quaternion, B has degree 2n, and A b B is not a division algebra, then A and
B have a common splitting field of degree less than or equal to 2n over F . The
Mammone, Jacob–Wadsworth, and Karpenko examples showed that the Albert
and Risman results could not be generalized in the obvious way; in particular
any common splitting field of the degree p examples is divisible by p2. However,
Karpenko proceeded to generalize the Albert–Risman results as follows. Let A be a
central simple F -algebra of degree p, let B1, . . . , Bp1 be central simple F -algebras
of degrees pn1 , . . . , pnp1 , and let n  n1        np1. Suppose that for every
i  1, . . . , p 1, AbF Bi has zero divisors. Then there exists a field extension E{F
of degree less than or equal to pn that splits all of the algebras A,B1, . . . , Bp1
([Kar99, Th. 1.1]). In a similar vein, Krashen proved that if A1, . . . , Apk are central
simple F -algebras of degrees pn for a prime p, and A1 bF    bF Apk has index
pk, then the Ai are split by an étale extension E{F of degree p
nppk1qm, where m
is prime-to-p ([Kra10, Cor. 4.4]. Problems such as these are connected with the
notion of canonical dimension, see [Kar10] for a survey.
As noted above, Karpenko’s examples made use of the seminal index reduction
formula due to Schofield and Van den Bergh from [SvdB92]. Such formulas should
play a role in helping to resolve Problem 9.3, which is framed quite generally. For
example, there has been considerable recent interest in the special case: If A and
B have the same splitting fields (chosen from some class of extension fields), then
are A and B isomorphic? We address this in the next section.
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10. Amitsur Conjecture
As a central simple F -algebraA is largely understood via the study of its splitting
fields (see §0), it is natural to try to determine exactly how much information about
A is captured by its splitting fields alone.
In [Ami55], Amitsur constructed for any F -division algebra A a generic splitting
field F pAq, whose defining property is that a field extension L{F splits A if and
only if F pAq has a place in L (see [Bou88b, VI.2]). The first field of this type
was constructed by Witt in [Wit34], for quaternion algebras. Amitsur proved that
his F pAq is the function field of A’s Severi-Brauer variety SBpAq, first studied
by Chatelet in [Cha44]. Nowadays, the generic splitting field of a central simple
algebra is viewed as a special instance of the generic splitting field of a (reductive)
algebraic group, as described in [KR94]. Amitsur proved:
Theorem 10.1. [Ami55, §9] Let A and B be central simple F -algebras.
(1) A and B have the same splitting fields if and only if A is Brauer-equivalent
to Bbi for some integer i relatively prime to the period of A.
(2) If F pAq is isomorphic to F pBq, then A and B generate the same subgroup
of the Brauer group.
He then posed the following converse of (2):
Conjecture 10.2 (Amitsur’s Conjecture). If A and B have the same degree and
generate the same subgroup of the Brauer group, then F pAq and F pBq are isomor-
phic.
The question was raised in [Ami55], and appears as Question 6 in [Ami82].
By definition, the generic splitting fields F pAq and F pBq are isomorphic if and
only if the Severi–Brauer varieties SBpAq and SBpBq are F -birational. It is not
hard to show that if A and B are as in the conjecture, then F pAq and F pBq are
stably isomorphic.
What is known. Amitsur was able to prove his conjecture in either the case where
A has a maximal subfield that is cyclic Galois, or in the case where A is arbitrary
and B is Aop [Ami55]. Roquette later extended these results to the case where
A has a maximal subfield which is solvable Galois [Roq64]. Tregub, using very
different techniques, proved the result for A arbitrary of odd degree in the case
where B is equivalent to Ab2 [Tre91]. Krashen generalized Roquette’s results to
the case where A has a maximal subfield whose Galois closure is dihedral (hence
quadratic over the maximal subfield), and also showed that the conjecture may be
reduced to considering the case where every nontrivial subfield of A is a maximal
subfield [Kra03].
Theorem 10.1(1) says that the splitting fields almost determine the algebra. But
it may be too much to expect to know all of the splitting fields of a central simple
algebra, and so we will pose a finer problem. Note first that Theorem 10.1(2)
says that if algebras A and B have degree n, then the fields F pAq and F pBq have
transcendence degree n1. It follows that if A and B have the same splitting fields
of transcendence degree   n, then they generate the same subgroup of the Brauer
group. It is therefore natural to ask about splitting fields of smaller transcendence
degrees, or even finite splitting fields.
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Problem 10.3. Determine whether two division algebras that have the same split-
ting fields in a given class (say finite, or of transcendence degree at most one),
necessarily generate the same subgroup in the Brauer group.
The smallest open case appears to be:
Problem 10.4. Determine whether two division algebras of degree 3 that have the
same splitting fields of transcendence degree ¤ 1 generate the same subgroup of
the Brauer group.
In the case of finite extensions, one has to be a bit more careful; one may easily
construct examples of central simple algebras A and B over global fields which
have all the same finite splitting fields, but which do not generate the same cyclic
subgroup of the Brauer group [PR09, p. 149]. On the other hand, it is easy to
show that if A and B are quaternion algebras over a global field that have the same
collection of quadratic splitting fields, then A and B must be isomorphic. This
motivates the following.
Problem 10.5. Show that if F is a field which is finitely generated over a prime
field or over an algebraically closed field, then any two quaternion division algebras
having the same finite splitting fields (or even just the same maximal subfields)
must be isomorphic.
What is known. Garibaldi and Saltman [GS10] showed that if F has trivial “un-
ramified Brauer group” (in a sense including the archimedean places), then any two
quaternion division algebras over F having the same maximal subfields must be
isomorphic. Rapinchuk and Rapinchuk proved similar results for period 2 division
algebras in [RR09]. Krashen and McKinnie [KM10] showed that if quaternion al-
gebras over F may be distinguished by their finite splitting fields, then the same is
true over F pxq.
For algebras of higher degree, the situation for global fields leads one to the
following problem:
Problem 10.6. Show that if F is a field which is finitely generated over a prime
field or over an algebraically closed field, and D is a division algebra, then there are
only finitely many other division algebras which share the same collection of finite
splitting fields.
What is known. One may easily verify this for global fields. Krashen and McK-
innie [KM10] showed that if this is true for a field F , it remains true for the field
F pxq.
11. Other problems
11.A. Group admissibility and division algebras. Let F be a field and G a
finite group. We sayG is F -admissible if there exists aG-crossed product F -division
algebra A.
Problem 11.1. Determine which groups are F -admissible, for a field F .
This problem is an extension of the inverse Galois problem, and is especially
interesting for F  Q. It appears as part of Problem 5 in [Ami82].
The next problem, also known as the Q-admissibility conjecture, was first recog-
nized in [Sch68].
Problem 11.2. Prove every Sylow-metacyclic group is Q-admissible.
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What is known. We discuss only the number field case of Problem 11.1. Schacher
initiated the study of admissibility in his thesis, where he proved that for any
finite group G there exists a number field F over which G is F -admissible ([Sch68,
Th. 9.1]). His key observation was that if F is a global field, a group G is F -
admissible if and only if (a) G is the group for a Galois extension L{F , and (b) for
every prime p dividing |G|, there are two places v1 and v2 such that GalpLvi{Fviq
contains a p-Sylow subgroup of G ([Sch68, Prop. 2.5]). It follows easily that a
Q-admissible group is Sylow-metacyclic: every Sylow subgroup P of G contains a
normal subgroup H such that both H and P {H are cyclic ([Sch68, Th. 4.1]). This
motivated Problem 11.2.
Schacher proved all Sylow-metacyclic abelian groups are Q-admissible in [Sch68,
Th. 6.1], and Gordon–Schacher proved that all metacyclic p-groups areQ-admissible
in [GS79]. Liedahl extended this result to give necessary and sufficient conditions
on a pair pG,F q for G to be F -admissible, where G is a metacyclic p-group and F
is a number field ([Lie96]). In 1983 Sonn settled Problem 11.2 for solvable groups,
proving they are all Q-admissible in [Son83].
To help organize the work for nonsolvable groups we make the following obser-
vations. Schacher showed that Sn is Q-admissible if and only if n ¤ 5 in [Sch68,
Th. 7.1]. He showed that the alternating group An is not Q-admissible for n ¥ 8 in
[Sch68, Th. 7.4], but did not solve the problem for n  4, 5, 6, and 7, though Gordon
and Schacher proved A4  PSLp2, 3q is Q-admissible in [GS77]. Schacher also noted
that the groups PSLp2, pq, which are simple for p ¥ 5, are Sylow-metacyclic for p
a prime, making them a natural target for attempts at Problem 11.2. Chillag and
Sonn noted that the central extensions SLp2, pnq of PSLp2, pnq are Sylow-metacyclic
for n ¤ 2 and p ¥ 5, and that a nonabelian finite simple Sylow-metacyclic group be-
longs to the set tA7,M11,PSLp2, p
n
q for n ¤ 2 and pn  2, 3u ([CS81, Lemma 1.5]).
In 1993, Fein–Saltman–Schacher proved that any finite Sylow-metacyclic group that
appears as a Galois group over Q is Qptq-admissible ([FSS93]).
Here is a list of known non-solvable Q-admissible groups and the papers in which
the results appear: A5  PSLp2, 4q  PSLp2, 5q ([GS79]); A6  PSLp2, 9q and
A7, ([FV87], [SS92]); SLp2, 5q, ([FF90]); the double covers A˜6  SLp2, 9q and A˜7,
([Fei94]); PSLp2, 7q and PSLp2, 11q, ([AS01]); and SLp2, 11q, ([Fei02]). In some
cases, these groups are known to be F -admissible in more general circumstances.
For example, the condition “2 has at least two prime divisors in F or F does not con-
tain
?
1” is necessary and sufficient for the F -admissibility of the groups SLp2, 5q,
([FF90]); A6 and A7 ([SS92]), and PSLp2, 7q, ([AS01]). Feit proved PSLp2, 11q is
F -admissible over all number fields in [Fei04]. Problem 11.2 for PSLp2, 13q remains
open.
Interestingly, an analog of the Q-admissibility conjecture was recently proved
by Harbater, Hartmann, and Krashen for the function field of a curve over a dis-
cretely valued field with algebraically closed residue field, using patching machinery
([HHKar]).
11.B. SK1 of central simple algebras. For a central simple F -algebra A, write
SL1pAqpF q for the elements of A with reduced norm 1 and
SK1pAq : SL1pAqpF q{rA
, As.
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This group depends only on the Brauer class of A [Dra83, p. 160]. If A is not
division, then SK1pAq is the Whitehead group of the linear algebraic group SL1pAq
appearing in the Kneser–Tits Problem, see [Tit78] and [Gil09].
The basic question is: What is this group? It is always abelian (obviously) and
torsion with period dividing the index of A [Dra83, p. 157, Lemma 2]. It was for
a long time an open question (called the Tannaka–Artin Problem) whether it is
always zero. For example, Wang proved in [Wan50] that it is zero if the index of
A is square-free. Then in [Pla75], Platonov exhibited a biquaternion algebra with
nonzero SK1; re-worked versions of this example can be found also in [KMRT98] and
[Dra83, §24]. Moreover, every countable abelian torsion group of finite exponent—
e.g., a finite abelian group—is SK1pAq for some algebra A over some field.
One can also consider SK1 simultaneously over all extensions of F , which is
connected with the structure of SLrpAq as a variety:
Theorem 11.3. For a central simple F -algebra A, SK1pA b Lq  0 for every
extension L{F if and only if SLrpAq is retract rational for every (resp., some)
r ¥ 2.
The “if” direction can be found in [Vos98, p. 186]. The full theorem amounts to
combining the results from ibid. with [Gil09, Th. 5.9]. Gille’s theorem furthermore
shows that the conditions are equivalent to the abstract group SLrpAqpLq being
“projectively simple" for every extension L{F and every r ¥ 2.
The main problem from this point of view is to prove the following converse to
Wang’s result:
Conjecture 11.4 (Suslin [Sus91, p. 75]). If SK1pA b Lq  0 for every extension
L{F , then the index of A is square-free.
The main known result on this conjecture is due to Merkurjev in [Mer93] and
[Mer06]: If 4 divides the index of A, then SK1pAb Lq  0 for some L{F .
11.C. Relative Brauer groups. Let F be a field with nontrivial Brauer group.
Which subgroups of the Brauer group of F are algebraic relative Brauer groups; i.e.,
of the form BrpK{F q for some algebraic field extensionK of F? Which subgroups of
the Brauer group of F are abelian relative Brauer groups; i.e., of the form BrpK{F q
for some abelian field extension K of F?
In particular, if n ¡ 1 when is the n-torsion subgroup nBrpF q of BrpF q an
algebraic (resp. abelian) relative Brauer group?
It is conjectured that if F is finitely generated (and infinite), then nBrpF q is an
abelian relative Brauer group for all n if and only if F is a global field.
What is known. If F is a global field, then nBrpF q is an abelian relative Brauer
group for all n ([KS03]; [Pop05]; [KS06]). The conjecture above is that the converse
holds. So far the following is known [PSW07]: if ` is a prime different from the
characteristic of F and F contains the `2 roots of unity, then the conjecture holds
for n  `, i.e., there is no abelian extension K{F such that `BrpF q  BrpK{F q.
11.D. The Brumer–Rosen Conjecture. Amongst the first examples one sees,
probably the fields R or iterated Laurent series Rppx1qqppx2qq    ppxnqq are the only
ones whose Brauer group is nonzero and finite. This leads to the following naive
question:
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Problem 11.5. For which natural numbers n is there a field F such that |BrpF q| 
n?
Fein and Schacher [FS76] noted that every power of 2 can occur. The following,
finer conjecture would imply that these are the only possibilities. Specifically, for
any field F , we can decompose BrF into a direct sum of its p-primary components
pBrF qp and ask if the following holds:
Conjecture 11.6 (Brumer–Rosen [BR68]). For a given field F and each prime p,
one of the following holds:
(a) pBrF qp  0.
(b) pBrF qp contains a nonzero divisible subgroup.
(c) p  2 and pBrF q2 is an elementary abelian 2-group.
Some remarks:
(1) In contrast with the case for fields covered by this conjecture, every finite
abelian group can be obtained as the Brauer group of some commutative
ring [For81].
(2) Every divisible torsion abelian group is the Brauer group of some field,
see [Mer85]. (Interestingly, this note does not appear in MathSciNet, is
not listed in the journal’s table of contents, and has apparently not been
translated into English.)
(3) pBrF q2 is an elementary abelian 2-group if and only if the cup product
map ?  p1q : H2pF, µ2qÑH
3
pF, µb22 q is an injection [LLT93, Cor. A4].
“Many” cases of the conjecture are known:
 if p  charF . In this case, pBrF qp is p-divisible by Witt’s Theorem [Dra83,
p. 110].
 if p  2 or 3. These are Theorem 3 and Corollary 2 in [Mer83].
 if p is odd and there is a division algebra of degree p that is cyclic. This is
Theorem 2 in [Mer83]. This gives a connection between the Brumer–Rosen
Conjecture and Problems 1.1 and 3.1.
 if p  5 or F contains a primitive p-th root of unity. These follow from the
previous bullet, because in these cases the p-torsion in BrF is generated by
cyclic algebras of degree p.
Clearly, Merkurjev has largely settled the conjecture, in the same sense that the
Merkurjev–Suslin Theorem settled a large portion of Problem 3.1 on generation by
cyclic algebras. The smallest open case is p  7, and this case would be settled by
a “yes” answer to Problem 3.2. Does there exist a field with Brauer group Z{7?
We remark that Fein and Schacher’s main result in [FS76] was that “many” of
the possibilities predicted by Brumer–Rosen actually occur: every countable abelian
torsion group of the form D`V for D divisible and V a vector space over F2 occurs
as the Brauer group of some algebraic extension of Q. Efrat [Efr97] gives general
criteria on the field F for pBrF q2 to be finite and nonzero.
11.E. Invariants of central simple algebras. Once one is interested in central
simple F -algebras of degree n—equivalently, elements of H1pF,PGLnq—it is natural
to want to know the invariants of PGLn in the sense of [GMS03] with values in, say,
mod-2 Galois cohomology Hip,Z{2Zq or the Witt ring W pq. (In this subsection,
we assume for simplicity that the characteristic of F does not divide 2n.)
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Note that this problem is related to Problem 5.1: If PGLn has a non-constant
invariant that is unramified in the sense of [GMS03, p. 87], then the center of generic
matrices ZpF, nq from §5 is not a rational extension of F , see ibid., p. 87. There are
no nonconstant unramified invariants with values in Hip,Gmq for i ¤ 3 by [Sal85]
(for i  2) and [Sal97b] (for i  3).
This problem is also related to essential dimension as in §6, because cohomo-
logical invariants provide lower bounds on essential dimension. Specifically: If F
is algebraically closed and there is a nonzero invariant H1p,PGLnqÑH
i
p, Cq for
some finite Galois module C, then edpPGLnq ¥ i by [GMS03, p. 32].
What is known. The case n  2 concerns quaternion algebras and the invari-
ants are determined in [GMS03, pp. 43, 66]. For n an odd prime, there are no
nonconstant Witt invariants (for trivial reasons) and the mod-n cohomological in-
variants are linear combinations of constants and the connecting homomorphism
H1p,PGLnq Ñ H
2
p, µnq, see [Gar09a, 6.1].
The case n  4 is substantial, but solved. Rost–Serre–Tignol [RST06] construct
invariants of algebras of degree 4, including one that detects whether an algebra
is cyclic. (See [Tig06] for analogous results in characteristic 2.) Rost proved that,
roughly speaking, the invariants from [RST06] generate all cohomological invariants
of algebras of degree 4—see [Bae10, §3.4] for details.
The next interesting case is n  8. Here, Baek–Merkurjev [BM09] solve the
subproblem of determining the invariants of algebras of degree 8 and period 2, i.e.,
of GL8 {µ2. Beyond this, not much is known.
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